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Large Deviations for Quantum Spin Systems
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We consider high temperature KMS states for quantum spin systems on a lat-
tice. We prove a large deviation principle for the distribution of empirical aver-
ages X 4 == ‘—/1“ > ica Xi, where the X;’s are copies of a self-adjoint element X
(level one large deviations). From the analyticity of the generating function, we
obtain the central limit theorem. We generalize to a level two large deviation
principle for the distribution of ﬁ D ieadxi-

KEY WORDS: Large deviation principle; central limit theorem; boundary
terms; cluster expansion; Goldon-Thompson inequality.

1. INTRODUCTION

Large deviations for classical lattice spin systems constitutes by now a
rather complete theory (see e.g., refs. 1 and 2). In particular, for Gibbsian
random fields, it is well-known that the relative entropy density governs the
large deviations of the empirical measure (see e.g., refs. 2-4). The relative
entropy density is the Legendre transform of a generating function which
is a difference of pressures. For instance, if one studies the large deviations
of the magnetization in a Gibbs measure with Hamiltonian H, one has to
consider the generating function F(t) = P(H +th) — P(H), where h is a
magnetic field Hamiltonian. The Legendre transform of F gives the entropy
function I of the large deviations of the magnetization, i.e.,

1
Pu (==Y oi~a)=elAlH@o0a,
|A| ieA
where o;,i € Z¢ is the value of the lattice spin at site i.
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For quantum lattice spin systems a similar large deviation question
can be asked. The o; have to be replaced by self-adjoint operators X;, and
the probability measure Py has to be replaced by a (KMS)-state. We are
then interested in the “probability”

w(lA(ﬁ Zx)) (1.1)
ieA

where w is a KMS state, X; are copies of an observable X at site i, A is
a Borel subset of [—||X|[, [ X]]], and ACZ? is a (large) volume.

Surprisingly, such probabilities have not been considered in the litera-
ture on quantum spin systems. Laws of large numbers, and central limit
theorems have been considered (e.g., in refs. 5 and 6). It is well known
that for large volumes A, the empirical average ﬁ Y ica Xi is well-approx-
imated (in the state w) by w(Xo)Id provided the state w is mixing. There-
fore, it is a natural question to ask whether the probabilities in (1.1)
are of the form exp(—|A|inf,ca I(a)), for some entropy function 7. In
the context of non-interacting bosons, this question has been studied in
ref. 7, later generalized in ref. 8§ to weakly interacting bosons and ferm-
ions, where one considers large deviations of the particle density.

In this paper, we prove the large deviation principle for empirical
averages of the form ‘%Zie 4 X; for high temperature KMS states o
(i.e., so-called level-1 large deviations), and give a generalization to level-2
large deviations, i.e., large deviations for distribution of the “measures”
La= ﬁ Y ica8x; under the state w. The existence of the generating func-

tion of the large deviations of ﬁ Y ica Xi is not as obvious as in the clas-
sical lattice spin context (unless X commutes with the Hamiltonian of the
KMS state). In fact this generating function is not a difference of two
pressures, simply obtained by perturbing the Hamiltonian of the original
KMS state by a magnetic field Hamiltonian. We show that the entropy
function obtained by proceeding as in the classical case is (strictly) larger
than the true entropy function. The reason we limit ourselves to high-tem-
perature states is the use of a polymer expansion. This polymer expan-
sion can be set up because we study the large deviations of averages of
one-point observables.

Our paper is organized as follows. In Section 2 we set up basic
notation, specify our problem, and state the main result of the paper. In
Section 3 we consider the easy case of product states, in Section 4 we com-
pare with the classical case. In Section 5 we show that the classical proof
of existence of pressure does not work if we want to show existence of
the generating function for the large deviations of empirical averages. In
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Section 6 we set up the cluster expansion, the basic technical tool to
obtain both existence, “boundary condition independence” and analyticity
of the generating function. In Section 7 we prove the main theorem and
point out a generalization to empirical averages of local (not necessarily
single site) observables. Finally, in Section 8 we prove level-2 large devia-
tions.

2. THE PROBLEM

Let M be a finite dimensional algebra of complex matrices. For
ACZ4 we define the local algebra

Upr:=QicaM;, 2.1

where each M; is a copy of M. The algebra of local observables is defined
as the inductive limit of the U,’s, and is denoted by U. Let X e M be a
fixed self-adjoint element, and consider for A CZ? the empirical average
X A/|A|, where

XA=ZX1', (2.2)
ieA

and X;’s are copies of X in M;. Suppose we are given a faithful state w on
U. Given A €U such that A= A*, we can consider a probability measure
on the spectrum of A, defined by

/ |, PAEO S (=0 (4) 23)

for f:0(A)— R continuous. In particular, for F Co(A) a Borel measur-
able subset of the spectrum, we have

Pa(F)=w(1r(A)). (2.4)

We call P4 the distribution of A. Given a self-adjoint element X € M, we
are interested in the probability measures associated to the empirical aver-
ages, 1.c.,

PX:=P

arXa’

2.5)



524 Netocny and Redig

]P’i{ are probability measures on [—| X]|, | X|], i.e., they have compact sup-
port and hence always contain convergent subsequences. If the state w is
sufficiently mixing, then ]P’ﬁ converges weakly to the Dirac measure 8, (x,),
concentrating on w(Xj).

Therefore it is natural to ask whether the sequence {Pﬁ : AC 7% sat-
isfies a large deviation principle. This means there exists a lower-semicon-
tinuous convex function I : [—||X]||, | X|]]— R such that

1
lim sup — log ]P’ﬁ(F) < —inf I(x) for FCR closed,
AYZd |A| xeF

1
lim Ai?gd mlog IP’%(G) > —;Ielg I(x) for GCR open. (2.6)

In some sense (2.6) is purely a property of a particular sequence of prob-
ability measures with compact support. Therefore, a sufficient condition is
the existence of a differentiable generating function

1
F(t) := lim log— [ PX(dx)e'*
® = lim o 7, [ Fhiame

1
= lim — log w(e' ZieaXiy, 2.7
AT : 7

More precisely, following ref. 1, we have the following standard result:

Proposition 2.8. If for all r€R, F(¢) exists and is differentiable in
t, then the large deviation principle (2.6) holds and the entropy function
is

I (x)=sup(xt — F(t)). 2.9)
teR

Differentiability in 7 can be replaced by strict convexity of /. Even if
F is not differentiable in ¢, the large deviation upper bound holds, but the
lower bound may fail (see ref. 1) for a counterexample).

We now define what we mean by the central limit theorem in our con-
text.

Definition 2.10. We say that a collection of operators W,, A CZ?
satisfies the central limit theorem if there exists o2 > 0, such that for all
teR

Jim, o ()=, 2.11)
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Bryc’s theorem® gives a connection between the large deviation prin-
ciple and the central limit theorem. In our context this means that if F
exists in a neighborhood of the origin in the complex plane, then the cen-
tral limit Theorem (2.11) holds, with W =1//[A[Y ;.4 (Xi — 0 (X;)) but
possibly 62 =0, in which case the statement is empty. If the sum

Xx=Y_ o((Xi—o(X)(Xo— (X))

iezd

converges absolutely, then o= X%.

2.1. High Temperature KMS States

The states we consider in this paper are KMS states for a translation
invariant finite range potential at high temperature. This is a collection of
self-adjoint @ (A) €ldy, indexed by finite subsets A CZ? with the following
two properties:

1. translation invariance: @(A+i)=1;®(A),

2. finite range: there exists R > 0 such that if diam(A) > R, then
®(A)=0.

Later on we will see that we can slightly relax the finite range condition
(see Eq. (7.1)). The KMS-state associated to the potential & at inverse
temperature g8 is defined as the limit of the finite volume states on U/,

Bx =Tr(Xe—”3HA) 212
C()A( ) Tr(efﬂHZ)) ’ ( )

where the Hamiltonians Hff are defined by

HY=>" ®(A). (2.13)

ACA

Remark 2.14. The KMS-states we consider are defined by the limit
of (2.12) as A1 Z%. In that way we avoid the question of uniqueness of
KMS-states.

In our context there exists f; small enough such that there exists
a unique KMS-state, which is possible by the finite range property (or
by its generalization (7.1), see e.g., Proposition 6.2.45 in ref. 10, but this
B depends on the dimension of the single site algebra, and is possibly
smaller than the By of our main result stated below.
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We can now state our main result.

Theorem 2.15.

1. There exists By independent of X such that for all 8 < 8y the gen-
erating function

— i ! 22 ien Xi
F(z)—lenZldmlogw(e A ) (2.16)

exists and is analytic in a strip {z=x+iyeC : |y| <38}.
2. The large deviation principle (2.6) holds.
3. The central limit theorem (2.11) holds for the operators

1
D _(Xi—o(Xo)). (2.17)

Wi=——
|4l ieA

3. NON-INTERACTING CASE: PRODUCT STATES
The simplest situation is the case
w=Q;w;, (3.1)

where w; are copies of a faithful state on M, i.e., there exists A such that
for X e M:

_ Te(Xe ™)
The generating function (2.7) is
_ Tr[e?Xe™4]
F(z)=log (W) s 3.3)

which is clearly defined and analytic on the strip {z=x+iyeC:|y| <3} for
8 small enough, and

dF _ Ti[Xe*¥e 4]

dz ~ Ti[eXe Al 34
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In that case the distribution of X ,/|A| is the same as that of the
AT A‘ > ica Xi where X; are i.i.d. with distribution Px. Hence the large devi-
ation principle (2.6) is clearly satisfied with entropy function

I (x)=sup(tx — F(t)). 3.5)
teR

4. COMPARISON WITH THE CLASSICAL CASE

In the classical Gibbs formalism, there is a natural way to obtain
large deviation probabilities by perturbing the Hamiltonian with a mag-
netic field potential (“Cramer tilting"). Let us informally follow this pro-
cedure in our context. For simplicity we put 8 =1 in this section. If we
want to know the probability of the event X 4 /|A|~a, then we perturb the
hamiltonian Hﬁ’ with an external field 4,X 4 to make the value a “typi-
cal", i.e., such that

Tl X 7H¢7/1,LXA
lim LXoe % T 4.1)
A2 Trfe™Ha—haXa]

The rate function can then (again informally) be obtained as follows:

WA <](a —e a+e)(|A|)>

Tr (e_H?\)—haXA [e A +haXAe_H7\)]l(a7€’a+E)(X—AA)> TI'[E_H?\’ —haXA]

Tr (e_H?\’ _h”XA> Tr[efo]
4.2)
Define the pressure
1
P(®):= lim — log Tr{e 4], 4.3)
arzd | Al
and
P(®, hy):= hm —log Tr[e HA —haXa], (4.4)

| Al
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We can rewrite (4.2) as

| XA
( (a— ea+e)(|A|))

Tr{eHa

7htl A
La—ea+o ()] M@t P@.ha) =P @) o(1AD (4 5
Tr[eHa 3 —ha aXa]

Since h, is chosen according to (4.1), the first factor in (4.5) is close to
one, and we obtain

log w, <1(a ea+e)(|A|))=IAI(aha+P(<P,ha)—P(¢))+0(|A|) (4.6)

This suggests as a rate function
[(a@)=—[hga+ P(®, hy) — P(P)], (4.7)
which is the Legendre transform of

Y. Xi—H?®
F()= lim L 1ogw (4.8)
124 | Al Tr[e*HA]
This argument leading to I, F is of course informal, but in the classical
case it is easy and standard to make it rigorous in order to obtain the
lower bound.
By the notation / we suggest that [ is not the entropy function I
we are looking for. Indeed, if the large deviation principle (2.6) holds for
X A/]A|, then the only candidate for [ is the Legendre transform of

1 T tYien Xi ,—H?
F(t)—hm — log rale ate Al

L TAl TrA[e_Hf] 4.9
By the Golden—Thompson inequality we have
F)<FQ, (4.10)
and hence
I1(x)>1(x). (4.11)

Therefore, the large deviation principle of Theorem 2.15 implies the fol-
lowing.
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Proposition 4.12. For G CR open,

1 -
lim 1nf —log ]P’X(G) > —inf I(x), (4.13)
Arzd |A| xeG

where I(x) is defined in (4.7).

If X and Hf commute, then (4.10) becomes an equality and [(x) is
actually the true entropy function, but in the case [X, Hff];ﬁO, the inequal-
ity (4.11) can be strict.

Notice that even in the simplest case of product states of Section 3,
I#1 as soon as A and X do not commute. A possible explanation here
is that the “perturbed states" obtained by adding a magnetic field poten-
tial to the Hamiltonian are not the right states to make the large deviation
event typical.

5. BOUNDARY TERMS

In Section 4 we considered as a candidate generating function

T tY en Xi ,—BH®
Ff(t)_ hm —1 rale fTe Tl

: (.1
d Al Tra[e PHA]

where we now add the subindex f to denote free boundary conditions.
The reader might have noticed that we should have written, following
(2.7):

1
lim — logw[e! Ziea Xi]

A1Zd | A
lim L lim lo TrA, (CXp (t ZieA X’) cXp (_'BH;‘;’)) .
Azd |A| arzd Tra exp (—BHY)

F(1)

(5.2)

The difference between Fr(¢) and F(¢) is caused by a boundary term and
hence it is expected to vanish in the thermodynamic limit, i.e., we expect
that

Frt)=F(). (5.3)

To be more precise, for A’ D A:

[ (2] 2] [
HA/ZHA +WA,A/+HA/\A’
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where
We p= > P(A). (5.4)
ACA ANA£D ANA£D
Remark that [W? ,||=0(0A|), and since H} and Hff,\A commute,

TrA’ <€Xp (t ZiGA Xl) exXp (_ﬂHf - ﬁHZ)/\A>> _ TrA[et Yiea Xie*ﬁHij]

Tr 4 exp (—,BHff — ,BHZ),\A) Trple P4 ]

(5.5

Hence, if we omit the boundary term Wfi 4 1n (5.2), then we recover
F¢(t). The main problem is to omit Wfi 4 1n the numerator of (5.2), and
to prove that the “price" for this omission is of order (e?(4D),

This reminds us on the proof of the existence of the pressure (see e.g.,
refs. 11 and 12. However, in the quantum case this result relies on the
inequality

| log Tr(e**#) —log Tr(e™)| < || BII. (5.6)

In order to prove (5.3) in a similar way, we would like to have an estimate
like

|log w(e"*P) —log w(e™)| < B, (5.7)
for a state w, where o does not depend on A, B. But such an inequality
does not hold!

More precisely, if w=Tr(e"-)/Tr(e) (we omit for a moment the indi-
ces A referring to the volume), then

1
d
|log w(e?*8) —log w(e™)] :/0 b log w(eA 1By dr

and

4 Tr (fo] oA+1B ,—5(A+1B) ,H ,5(A+1B) g ds)
- A+tBy _
log w(e )=

1 — W (B).
dt Tr (fo ¢A+1B g—s(A+1B) oH o5 (A+1B) ds)
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In general ¥ is not a state (unless A+¢B and H commute), and the norm
of ¥ (as a functional of B) will depend on A, B and H, as the following
proposition shows.

Proposition 5.8. For any X €/, with Ker(X)={0}, define

Tr(XB)
Yx(B)= 5.9
x(B) ) (5.9
Yy defines a continuous functional of C with norm
Tr|X|
1¥x Il = =1, 5.10
)| (.10

with |X|=+/X*X. In particular, for X >0, |¥x||=1.

Proof. Put X =J|X|, where J is a partial isometry and |X|=+~XX*>
0. Since Ker(X)={0}, J is a unitary operator (see ref. 13, Theorem 6.1.2).
Since |X|2>0, wx|(C):=Tr(-|X|)/Tr(|X|) defines a state. We have:

Tr(CX) :‘wm(CJ) < lci/i —||C||’ T[] X1]

Tr(X) ox((D) | lox (D] Tr[J|X1]
Tr[| X 1]
TrX) ‘II (5.11)
and we obtain
Tr(|1X|)
[Px |l < 0| (5.12)
If we choose C=J%*, then
Tr(CX) _ Tr(IX|)
ITrX|  |Tr(X)|’ (5-13)
SO
_ Te(1X))
[Px Il = 0| (5.14)
|

This proposition shows that we cannot hope to obtain a useful ver-
sion of (5.7) in order to show (5.3). Indeed, if X is not positive (the X we
are thinking about here is fol eATIBp=s(A+1B) oH ps(A+1B)) “then ||Wy|| can be
arbitrary large.

Instead we will use a cluster expansion to show the negligeability of
the boundary terms.
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6. CLUSTER EXPANSION

In this section we develop a strategy to prove both existence and ana-
lyticity of (5.1) and the equality (5.3), which is based on a quantum clus-
ter expansion. For an introduction to this technique and a comparism of
different approaches (see ref. 14). Here we develop a variant of this expan-
sion, by rewriting the partition function of a quantum model as a parti-
tion function of a certain (classical) polymer model. Then, the results on
the convergence of the expansion follow whenever the Kotecky—Preiss cri-
terion is satisfied.(?)

6.1. Set up
Rewrite (5.1)

Try (et Yiea Xie_ﬁHf\’)

Ff(t) = hm m og TrAetZ,-eA X +10g TI‘(etX) _ P(ﬂd))
= lim — log o', (¢ PHY) +log Tr(e'*) — P(B®), (6.1)
A4 IAI

where ', is a product state on U, defined by

Tra(e! LicaXiy)

3
Y)= .
CL)A( ) TI‘A(elZieA X;)

(6.2)

The product property of the state ) is crucial and due to the fact that we
consider only the averages of a one-point observable. It implies for Aelf,,
Belpr, ANA' =@

o'y (AB) =o'y (A) &', (B). (6.3)

This factorization is crucial to set up the cluster expansion that will allow
us to show the existence of the limit

. 1 fﬂ . 1 _ D
Er(t)= lim — log Z" = lim — log o', (e PH1). 6.4
£ (@) 4124 1A] gL, arzd | A] g wy (e ) (6.4)

Similarly, for A’> A define o', , by

TrA/(e*f Diea Xi Y)
Trp (e~ 2ieaXi @Idpna)°

Wy 4 (¥)= (6.5)



Large Deviations for Quantum Spin Systems 533

which is also a product state, and this time we have

Tr A IZie Xi _ﬁH(D/ T lZie X;
F) = lim —— lim log rae e T) Trafeien ®)
Arzd | Al arrzd TrA/(etZiEAXi ®IdA/\A) TrA(e*ﬁHA)
TrA/(e_ﬂHf; ®IdA/\A)
X
Try (e PH1)

2 @
1 ', (e_ﬂHA/)wO (e—ﬁHA)
= log Tr(¢'*) — P(B®) + lim — lim log —% A
azd |A] arzd w%,(e_ﬁHA’)

’

(6.6)

where wg, =th=,0 is the trace state on U . The existence of F(¢) is equiv-

alent with the existence of

_ N 51,8
SO Jim, T iy o 2 o7

where

_BH?® _BH®
oy y TPy ol (eI

oy
VA

9 (6.8)

—apg®
) (e P

Moreover, the equality Fy(t) = F(¢) will follow from Z¢(t) = Z(¢). Our
strategy is then described as follows.

1. Set up the cluster expansion in order to define Z(t), Z¢(¢). This
can be done by properly defining a polymer model and by using the
Kotecky—Preiss criterion.

2. Equality of & and &, follows from the fact that in the expan-
sion, only clusters touching the boundary of A will make the difference
B 51,8
between log Z ;" and log Z /" ,

3. Analyticity is proved by showing that the polymer weights are
analytic in ¢ and satisfy the Kotecky—Preiss criterion in a strip in the com-
plex plane.
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6.2. Polymer Model

In order to compute Z(¢), we use the idea of the Mayer expan-
sion and rewrite the finite volume expectation w’, (e*ﬂHf ) as the partition
function of a polymer gas. Due to the product structure of the state, the
polymer weights become independent up to the exclusion, and we can use
familiar results on the convergence of a series for the logarithm of such
partition functions.

We start by writing the series

]

7 =, [Z #] — o, [Z (_nﬁ!)" Y en... @(An)]

n=0 : n=0 Aq,...,A,CA
(6.9)

that can be cast into the form of a polymer expansion as follows. We use
the notation I'=(Ay, ..., A,) for any finite sequence of finite sets of sites
and the shorthand & =®(Ay)...®(A,). Let G be the graph over the
set of vertices {1,...,n} such that 1 <i < j<n are connected by edge
whenever A; N A; # @. A sequence I'" = (A],...,A}) is called a maxi-
mally connected subsequence of I" whenever there is a maximally con-
nected component of the graph G with the vertex set i; <--- <i; such
that A} =A;,..., A, = A;. The following lemma is then an immediate
application of these definitions.

Lemma 6.10. Let {y,}qc; be the collection of all maximally con-
nected subsequences of I". Then & =[],.; ?,, and the product does not
depend on the order.

Connected sequences of sets are called polymers and we use the sym-
bol A, for the set of all polymers in A. Any sequence (respectively set) of
polymers (y1,...,¥a), Ya=(A},,..., A} ), a=1,... n is called an admis-
sible sequence (respectively set) if A N AY =& for any i,j and o #da'.
Given any sequence of sets I", the collection {yy}qes of all maximally con-
nected components of I' is clearly an admissible set of polymers, but the
correspondence is obviously not one-to-one. A simple observation is that
there are exactly

Do k(@)!
[T, k(@)!

sequences I" such that {y,}qc;s is the collection of all maximally connected
subsequences of I". Defining |I"| =k for any sequence I"'=(Aj1, ..., Ag), we
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B

rewrite Z';" as the partition function of a polymer model:

2 =y S [ah@n

0 ' I:'=n «

> l;
Zkl 2 > g(Vlw-an)]_[[( pr wA(cD%)]
k=0

e 21 V0 VKEAQ

Mg

n

||P”18

Zz i=nlril= 11 Sl =l
o0 1 n
ZZ,,_ Z g(Vl,-n,Vn)]—[p”’s(m), (6.11)
V1 Vn€AQ i=1

where we have introduced the weights

k

k!

o P (AL ... AN = ( gc(Al, ..., Ap) 'y (@(A))...P(Ay)) (6.12)

and the indicator functions

1 if (y1,...,9,) 1s admissible,
SWls e va) = Vio- oo Vi) (6.13)
0 otherwise,
1 if (Ay,..., Ay) i1s connected
gc(Ar, ..., Ap) = b ¢ (6.14)
0 otherwise.

Note that the polymers have been defined as sequences of sets rather than
collections of sets. Obviously, the weight p#(y = Ay, ..., Ay) generically
depends on the order of the sets Ay,..., Ay, whereas it does not depend
on A as far as AD Uf.‘zlAi, due to the product structure of the state
', The cluster expansion now reads, 1316 formally,

(0.¢] n
1
log 24 = = 2 a.w][]e o
n=1"y,.

Vs s ¥n€AA i=1

_ ZZ% > ara o [P o

CCAn=1 ’ Y]v--anE-AC i=1
Supp(yy;....yn)=C

=Y w"f0), (6.15)

ccA
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where we have defined the “cluster” weights w’-#(C) by the partial resum-
mation over all sequences (y1,...,¥n), Ya = (A],... ,Ag(a)), n>1, such
that Supp(y1, ..., yn)i=U'_, U¥ a2 =C.

Next we set up a similar expansion for Z; A, . Note first that by tak-
ing t_O in (6. 15) we immediatel ly get cluster expanilons for both expecta-
tions !, (e /SHA) and wA,(e ﬁHA’) For a)A, A(e A’) we repeat the same
steps to get

'y a6 ﬂHA'>—Z_ Z g[8 ) (6.16)

Vi V€A 4 i=1

with the notation

k

Fifan . ap="1

gC(AlL ..., AD @y ,(@(AD ... D(Ap). (6.17)
In particular, ﬁi{ﬂ(Al, ..., Ay) does not depend on A’ if U;A; T A’, and

oA ..., Ap) if UiA;CA,

~1,B
Al .. A= i
P4 (Al 2 PPP(AL .. A i U A S AN\A.

(6.18)

Defining

N’ﬂ(C)—Z‘ Z arvi, o) [ 6 00, (6.19)

-¥n i=1
Suvp(yl ,,,,, yn)=C

we also have ' Fc)y=w"B(C) for any CC A and wtﬁ(C)— wB(C) for
any C C A'\A. Hence we get from (6.8) that

log 24, = Y PO+ > wo)- Y wo)

cca ccA cca
=Y whPo+ Y @, (6.20)
CcA cca
CZA,CZAN\A

where the first term coincides with the series for log Zt[;ﬂ and the second
one is a boundary term summing up the clusters intersecting both sets A
and A"\ A.
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The existence of the cluster weights w’#(C) and wt[;ﬂ (C) and upper
bounds can be proven under the assumption that the polymer weights are
sufficiently damped. We show the Kotecky—Preiss criterion of the conver-
gence1>:10) to be satisfied in a high-temperature regime:

Lemma 6.21. Let a, By >0 such that

ZEZaIB\ PPl 1y <q. (6.22)
B>0

Then one has the upper bounds

9]
sup Y Y it L AYI<a, (6.23)
(.B)ERX[0.0] ;, 1 a;...An
0eU; A;

and

o0
sup sup Z Z e“'UiA"||,5il’ﬁ(A1, ..., Ap|<a. (6.24)
A (Tyﬁ)GRX[O’ﬁO]nzl Al An
0eU; A;

Combining with Theorem 2 in ref. 16, we have the following result.

Proposition 6.25. Under Condition (6.22), the cluster weights
w"P(C) are translation-invariant and

sup Y |w"P(O)|<a. (6.26)
(t.8)€Rx[0. 0] G5

Similarly,

sp sup i ()l <a. (©27
A (1,8)€RX[0,80] 5
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Proof of Lemma 6.21. Using the notation y for the image of the
sequence Y =(Aj, ..., Ax), we have the upper bound

o0 ﬂn
> PPl <ge®. B) Y
n=1

y:y={B1,....Bi}

1
3 <k1 " kl)]"[nqui)nkf
coeid) L

kpseokp 21
ky+...4+kj=n

I oo k
=gc(B1,..., B) HZ%H@(B»H"

i=1k=1
1
=gc(Bi..... B) [J1*PI —1) (6.28)
i=1

for any collection of finite sets {By,...,B;}, [ =1,2,... The identical
upper bound holds if we replace p"# with ,52'3 . Hence, we only need to
concentrate on the former weight, for which we have the inequality

00 [ele) I
Do At Py A< Y geBr.... B[ [ @B
=1 (By....By}

n=1 Al..An i=1
0eU; A; 0eV; B;

(6.29)

with the shortcut
®(B) =Bl (PI*BN 1), (6.30)
In order to estimate the right-hand side of (6.29), we consider the function

[
Y= Y  scB....B)[[em) (6.31)

I>1 Be(By,...,Bj}CA i=1

l
= &(B) gc(B,By,...,B) D (B;) (6.32
> X [Te) 632

120 (B1,.... BI}SA\{B)} i=1

defined on all pairs of a finite set B and a finite collection A of finite
sets, A > B. For this function we derive a recurrent inequality, realiz-
ing that the collection {Bj,..., B;} obtained from a connected collection
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{B, By, ..., B;} splits in general into a number of connected components,
each of them intersecting B. By upper-bounding the sums over these com-
ponents separately we subsequently write:

Y(A|B><¢(B)Z$ > 11

m=0" "I, lp>1a=I1

(X gc(Bl,...,Bza)ﬁ¢(Bi))

(B].... Bl JEA\(B) i=1
BNU; B #£2
1
<eB) ) — (6.33)
m>=0
m
ooy, Y gcDBi.. . B))
D:DNB#£D 1>0{B....,BI}CA\{B,D}
<oBexp||Blsup Y YA\(BYID)].
X
DEDAB\);B}

Since

]
D0 > AN PAL L ADI<sup ) Y(AIB),  (6.34)
n=1 Aq....An A g0

0eU; A; BeA

the proof of the lemma is finished by proving by induction in the cardi-
nality of A that

sup » " Y(A|B)<a (6.35)

B>x
BeA

uniformly in A. Indeed, by the induction hypothesis and using inequali-
ties (6.22), (6.34) and the translation-invariance of the potential, we get

su Y(A|B) <su @ (B) 1Bl = 2Bl (PIPB _ 1 <a.
up ) Y(A|B) <sup ) @(B) > eI )

B>x B>x B>0
BeA

(6.36)

The case A={@} is trivial. |
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6.3. Analyticity of the Polymer Weights

Under a slightly stronger condition than (6.22), we prove the existence
of an analytic continuation of the polymer weights p>#(y) to a set {z=
x+iyeC; |yl <8} x{B; |8l < Bo}, uniformly for all polymers. Since the lin-
ear functional o’ given by formula (6.2) is not a state anymore for z ¢ R
due to the lack of positivity, we write p#(y) in the form

, _p\k
PP (AL A = ( k,) gc(Al, ..., A @Y (P(A))... D(Ap))
(—B)F
= ]f gc(At, ..., Ap) (6.37)
Tre*X 141 Sy
X (omrr) | @hPAD . DA e Tiea ),

an identity valid for any A DU'_ A;. Choosing A=U’_,A; and using the
bound

|Tre(x+iy)X|

(i y)
T X T |a){0}(e Xy = |w{0}(z

XN (6.38)

n
S 1_2 Izl X" =2 — e IIXI (6.39)

n=1
we obtain the next variant of inequality (6.28):

- 1 Ui, Bil
Z I TP () < gc(Bi, ..., B) (m) :
v:y={Bi,...,Bi}

l
H(elﬁHI@Bi Ih_ D
i=1

! NP1l _

<gcBi,.... B[]
i

1= DT BT (6.40)

The other steps in the Proof of Lemma 6.21 remain unchanged if we
replace there the function @ (B) with

@ 1Bl
>'(B)= (2 — :\ymxn ) (PO 1), 641)
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and assume condition (6.44). As a result, we get the upper bound on the
analytic continuation of the polymer weights as

o0

sup Y Y MR Ay L A I<a (64D)
[y1<é, 1B1<Bo n=1 Aq....An
OeU; A;

The uniform bounds on the cluster weights in the region |y| <38y, |8] < Bo
then follow by refs. 15 and 16. As a consequence, the (partially resummed
cluster) weights w?#(C) are analytic by Vitali’s theorem and we arrive at
the following result:

Proposition 6.43. Assume there are a, 8, By >0 such that

e \IBI
Z(m) (P25l _ 1) <a. (6.44)
B3>0

Then the cluster weights w?#(C) are analytic in the region

Vs gy =1(z. B)€C?: Imz| <6, |B| < Bo)
for all finite sets of sites C. Moreover,

sup Y [wf(0)|<a. (6.45)
@B)eVisy c20

7. PROOF OF THEOREM 2.15

One easily checks that under the assumption

> _ePlie®d) <o (7.1)

B>0

for some € >0, there exist a, 8, By > 0 such that condition (6.44) is satisfied.
Moreover, By can be chosen independent of X.

Existence of Fy(t).

It follows from the cluster expansion for log Z'Aﬁ due to the transla-
tion-invariance of the cluster weights w’#(C). To see this, write

t,B t,p
log 24! — 141 3" 2 (C)z—zz w (&) (1.2)

C>0 |C| ieA Csi lCl
cgA
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By Proposition 6.25, > -, |lw"#(C)| <a, and for any € >0 there exists a
finite set of sites D such that } 5y c¢p |lw"#(C)| <e. Introducing

Ao={ieA; D+iC A}, (7.3)

we have

LB wt’ﬁ(c) B
log Z3 — 141 el <o+ D) wor a4

ien e A\Ao Coi
C>0 ieAy le\ocgix

< €] Aol +alA\ Ao, (7.5)

and the limit lim¢ o lim 4,74, the latter being taken in the van Hove sense
so that lim |Ag|/|A| =1, yields

1 LB w"f (C)
Zrt)=1lim —log Z';" = —_—. 7.6
r0)= lim = log Zj Z; i (7.6)

Moreover, we have got the upper bound sup, g |Z ()| <a.

Equality Fr(t)= f(1).
Notice first that the limit A’ 4 Z¢ exists,

lim log z0 =log P+ Y wifo (7.7)
ANZ CZA,CNA#D

by the absolute convergence of the second sum. Using the same argu-
ment as above, the second term is of order o(|A|), and we get the equality
E@)=E@).

Analyticity of Fr(t).

We only need to prove the analyticity of the function Z¢(¢) given by
the series (7.6). By Proposition 6.43, all cluster weights have an analytic
continuation to the strip [Imz| < §&p. Since the series converges there uni-
formly due to (6.45), Zr(z) is analytic in the strip by Vitali’s theorem.

Finally, the existence and the differentiability of F(¢) implies both
large deviation upper and lower bounds by Gartner—Ellis theorem. Since
F(r) has an analytic continuation to a neighborhood of the origin, Bryc’s
theorem implies the central limit theorem. To see that o> >0 for g small
enough, consider first the case g =0, then

2
02=<£3F00 =w)(X?) — wo(X)%,
dt =0
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where wy is the normalized trace. Hence in that case, o2 >0 as soon as
X has non-trivial spectrum. Therefore, by the convergence of the clus-
ter expansion, the variance aé :002 + O(p) is strictly positive for B small

enough. Moreover, it is given by the absolutely converging sum

of= Z o (X; —o(X;)(Xo—o(X0))).

iezd

7.1. A Generalization

Our result on the convergence of the cluster expansions for Z¢ () and
E () can be slightly generalized. We sketch this generalization here with-
out too much details. Let {@}r=1.. , be a family of potentials and o be
a product state. Then the generating function

[ oy
Zg:a)(eZ'HA1 L (7.8)
where z=(z1,...,2,) €C", admits a cluster expansion
log Z5% =" w(C) (7.9)
ccA

with the cluster weights w?(C) depending only on @;(A),A C C,i =
1,...,n, and one has the following result.

Proposition 7.10. Assume that

Supze%lﬁ'\(ez;':]Bi\l‘Pi(B)II ~<a (7.11)
* B>x
for some a,d;,...,8, >0. Then all cluster weights w*(C) are analytic in

the polydisc D={z=(z1,...,2n): 1zi|<8;, i=1,...,n} and

sup sup » _ [w*(C)|<a. (7.12)

€D x Cox

Remark 7.13.

1. Notice that (7.11) is the same condition one would write for the
convergence of the cluster expansion for log w(exp)_; zini).
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2. As a corollary, one obtains the existence and analyticity in a
neighborhood of the origin for various kinds of (cumulant) generating
functions. In particular, by taking @ =@ translationally invariant, z; =8,
z2=2z, and @2(B)=) ;.54 Ti(X) 1p=p4; for a fixed set of sites D and an
operator X € Up, one gets the existence and analyticity for the (free b.c.)
generating function

. 1 ®.8 .
F¥(z)= lim — log 0%’ (e? Ziirica (X)),
7 (@)= lim log o )
where
Tr(e #HX
@8 r(e” P74 Y)
0y (V)= ——.
Tr(e PHA)
3. A necessary and sufficient condition on the potentials @, ..., ®,
to satisfy (7.11) with some a,dq,...,3d, >0 is that there exists € >0 such
that

sup Y Pl (B)| <o0, i=1,....n.

B>x

Proposition 7.10 does not give the (full) large deviation principle since
the modulus of z; has to be small. However, it does give the central limit
theorem for

HY —w(H?)

V1Al
because for that we only need analyticity in a neighborhood of 0.

8. LEVEL-TWO LARGE DEVIATIONS

We will now define a random measure which can thought of as the
distribution under the state w of the “measure" |17|Zie 48x;. For fe
C—IX1, 1X11], R), and wu a probability measure on [—| X]||, | X||], we write
(w, fy=[ fdp.
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More precisely, for fi,..., fr a finite collection of continuous func-
tions on [—| X]||, | X||], and Ay, ... Ax Borel sets, define

PULa i) €A o (L fO) €A = (1, (ﬁ D AKD) Ly

ieA

(p X Ac)).  ®D
ieA

This formula defines the distribution of a random measure £ 4. Indeed,
the sets

{(La, fi) € AL, ... . {La, fi) € Ar = fi e C=IIXIL IXNT.R), Ai € B} (8.2)

are Borel sets in the weak topology on M ([—|X], |X]|]), the set of
probability measures on [—| X||, [|X||]], and they are generating for the
Borel-o-field on M ([—[IX|I, I X|I])

The candidate level-2 generating function is then a functional on
CA-IXI. IX]], R), given by

1 . 1 :
124 = l —1 ]E (ﬁA,f> — 1 _l ZieA f(X,') 83
(9= lim, Zlog E (&0 /)) = lim, Zrlog o (e ). @3

and the corresponding candidate large deviation entropy function is its
Legendre transform:

()= sup (s [ =W () (8.4)
feC-IIXILIXILR)

We then have the following theorem

Theorem 8.5. Suppose w is a high temperature KMS state as in
Theorem 2.15.

1. The limit defining the generating function ¥ (f) in (8.3) exists and
defines a convex ¥ : C([—||X|, IX|], R) — R.

2. The random measures £, satisfy the large deviation principle
with rate function Z given by (8.4).

3. The relation between Z and [ is given by the contraction princi-
ple:

1(x)=inf{I(u):/ EudZ)=x}. (8.6)
(=X X101
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Proof. The existence of the limit defining ¥ follows from Theorem
2.15 and the fact that By does not depend on X, so we can replace X; by
S (Xi).

The large deviation principle follows from Gateaux differentiability of
¥. More precisely, for any f, geC(—||X]|, | X]], R), the limit

4 4
500 =lim (f+tgt) ) 57

exists. This can be seen as follows. By the same argument showing the
analyticity of F(z) (of 2.16) in a strip {z=x +iy : |y| <48} one sees that
72> W (f +zg) exists and is analytic in a strip {z=x+1iy : |y| <§}, where
now § depends on f and g. This is clearly sufficient to have the existence
of the limit (8.7). Then we can apply Corollary 4.5.27 of ref. 17 to con-
clude the large deviation principle.

Finally, the contraction principle follows from the fact that the dis-
tribution of X4/|A| is the distribution of [ ZLA(d&), hence we are in
the situation of the standard contraction principle, ref. 17, Theorem 4.2.1.
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